We report on the first computation of the next-to-next-to-leading order (NNLO) QCD corrections to W ± Z production in proton collisions. We consider both the inclusive production of on-shell W ± Z pairs at LHC energies and the total W ± Z rates including off-shell effects of the W and Z bosons. In the off-shell computation, the invariant mass of the lepton pairs from the Z boson decay is required to be in a given mass window, and the results are compared with the corresponding measurements obtained by the ATLAS and CMS collaborations. The NNLO corrections range from 8% at √ s = 7 TeV to 11% at √ s = 14 TeV and significantly improve the agreement with the LHC data at √ s = 7 and 8 TeV.
The production of W ± Z pairs at the Large Hadron Collider (LHC) provides an important test of the electroweak (EW) sector of the Standard Model (SM) at the TeV scale. Due to its sensitivity to the gauge-boson self-interactions, small deviations in the observed rates or in the kinematical distributions could give a hint of new physics. Such effects can be modelled on the basis of higher-dimensional operators in the form of anomalous couplings. With the increasing reach in energy of LHC Run 2, W ± Z measurements will be a powerful tool to extend the current bounds on these effective couplings. The W ± Z process also constitutes an irreducible background in many new-physics searches, see for example Ref. [1] .
With its relatively small cross section W ± Z production yielded only a limited number of events at the Tevatron [2, 3] , but its cross section has been measured with good precision at the LHC by both ATLAS [4, 5] and CMS [6] at centre-of-mass energies of 7 and 8 TeV. An early measurement of the W ± Z cross section at 13 TeV by CMS is also already available [7] .
On the theory side, the first next-to-leading order (NLO) predictions for on-shell W ± Z production were obtained long ago [8] . Leptonic decays were added in Ref. [9] , initially neglecting spin correlations in the virtual matrix elements. The computation of the relevant one-loop helicity amplitudes [10] enabled the first complete NLO calculations [11] [12] [13] , including spin correlations and off-shell effects. The NLO QCD corrections to off-shell W ± Z + jet production were presented in Ref. [14] , and the on-shell EW corrections to W ± Z production in Ref. [15] .
While the W + W − and ZZ cross sections can be computed at NNLO in the on-shell approximation using two-loop amplitudes for two massive vector bosons of the same mass, as done in Ref. [16] and Ref. [17] , respectively, the W ± Z production process requires the amplitudes with different masses of the vector-boson pairs already in the on-shell approximation. The required two-loop amplitudes were presented in Refs. [18, 19] in the form of helicity amplitudes for all vector-boson pair production processes, enabling at the same time the computation of NNLO corrections to W ± Z production as well as the inclusion of off-shell effects and the leptonic decays of the vector bosons at the NNLO level. In the meantime, the implementation of the two-loop form factors for the helicity amplitudes into a numerical code provided by the authors of Ref. [19] has been used to obtain NNLO predictions for the ZZ → 4ℓ process in Ref. [20] and the W + W − → 2ℓ2ν process in Ref. [21] .
W
± Z production is the only remaining diboson process for which a complete NNLO calculation was not available so far. In this letter, we finally close this gap by providing NNLO predictions for the W ± Z cross section at various LHC energies, which thus represents an important milestone in the NNLO programme. We restrict ourselves to presenting inclusive results, both for onshell W ± Z production, and including all off-shell effects, but applying minimal mass cuts on the reconstructed Z boson. Our off-shell calculation in particular includes the singly-resonant contributions of the form pp → W ± → 3ℓν, the resonant W ± γ * contributions and all interference terms. The computation presented here thus paves the way to a fully-differential computation of the process pp → ℓ
Our calculation is performed with the numerical program Matrix † , which combines the q Tsubtraction [22] and -resummation [23] formalisms with the Munich Monte-Carlo framework [24] . Munich provides a fully-automated implementation of the Catani-Seymour dipole subtraction method [25, 26] , an efficient phase-space integration, as well as an interface to the one-loop generator OpenLoops [27] to obtain all required (spin-and colour-correlated) tree-level and one-loop amplitudes. For the numerically stable evaluation of tensor integrals, OpenLoops relies on the Collier library [28, 29] , which is based on the Denner-Dittmaier reduction techniques [30, 31] and the scalar integrals of Ref. [32] . To deal with problematic phase-space points, a rescue system is provided, which employs the quadruple-precision implementation of the OPP method in CutTools [33] and scalar integrals from OneLOop [34] . Our implementation of q T subtraction and resummation ‡ for the production of colourless final states is fully general, and it is based on the universality of the hard-collinear coefficients [37] appearing in the transverse-momentum resummation formalism. These coefficients were explicitly computed for quark-initiated processes in Refs. [38] [39] [40] . For the two-loop helicity amplitudes we use the results of Ref. [19] , and of Ref. [41] for Drell-Yan like topologies.
A preliminary version of Matrix has been employed in the NNLO computations of Refs. [16, 17, 20, 21, 42, 43] , and in the resummed calculation of Ref. [35] .
We consider proton-proton collisions with √ s = 7, 8, 13 and 14 TeV. As far as EW couplings are concerned, we use the so-called G µ scheme, where the input parameters are G F , m W , m Z . More precisely and consistent with the OpenLoops implementation, we use the complex W and Z boson masses to define the EW mixing angle as cos θ
GeV. With these inputs, the relevant leading-order branching fractions are BR(W ± → νℓ ± ) = 0.108984 and BR(Z → ℓ + ℓ − ) = 0.0336313. We set the CKM matrix to unity § . We employ the NNPDF3.0 [44] sets of parton distributions with α S (m Z ) = 0.118, and the α S running is evaluated at each corresponding order (i.e., (n + 1)-loop α S running at N n LO, with n = 0, 1, 2). We consider N f = 5 massless quark flavours. The central renormalization (µ R ) and factorization (µ F ) scales are set to µ R = µ F = µ 0 ≡ 1 2 (m Z + m W ) = 85.7863 GeV. Scale uncertainties are computed by the customary 7-point variation, i.e., we vary independently 0.5µ 0 ≤ µ R , µ F ≤ 2µ 0 with the constraint 0.5 ≤ µ R /µ F ≤ 2. If not stated otherwise, all cross sections presented in the following are summed over the electrical charges of the final-state W bosons, i.e. they refer to σ(pp
We start the presentation of our results by considering the on-shell W ± Z cross sections ¶ . In Table 1 we report the LO, NLO and NNLO cross sections and scale uncertainties in the √ s range from 7 to 14 TeV. The same results are shown in Fig. 1 . The main interest of these on-shell results is that they can be unambiguously defined without choosing a specific mass window for the Z boson decay products. Consistent with Ref. [13] , the NLO corrections are quite large and increase the LO result by 63% to 83% for centre-of-mass energies between 7 and 14 TeV. The NNLO corrections further increase the NLO results, and the effect ranges from 8% to 11%. We note that in contrast to ZZ and W + W − production, these are purely genuine NNLO corrections to thechannel: As the Born-level final state is electrically charged, the production process does not receive contributions from a loop-induced gluon-fusion channel. Due to the absence of such a ‡ The first application of the transverse-momentum resummation framework implemented in Matrix at NNLL+NNLO to on-shell W + W − and ZZ production was presented in Ref. [35] (see also Ref. [36] for more details).
§ The numerical effect of the CKM matrix up to NLO is to reduce the cross section by less than 1%. ¶ In this on-shell computation, the gauge-boson widths are set to zero, and a real EW mixing angle is used correspondingly. +82.7% +11.4% Table 1 : Total on-shell W ± Z cross sections at LO, NLO and NNLO for relevant collider energies; the last two columns contain the relative corrections at NLO and NNLO, respectively.
loop-induced gluon-gluon channel, which usually features large corrections, NLO scale variations might be expected to give a reliable estimate of possible effects at the NNLO and beyond. However, this turns out to be not the case in general: In particular at large collider energies, the NNLO corrections are roughly twice as large as the uncertainties estimated by scale variations at NLO. We note that the scale uncertainties drop from about ±5% at NLO to about ±2% at NNLO.
Similarly to what happens in the case of W γ production [43] , the rather large impact of radiative corrections is due to the existence of a radiation zero in the Born scattering amplitudes. More precisely, the partonic W γ tree amplitude exhibits an exact radiation zero at θ * = 1/3, where θ * is the scattering angle in the centre-of-mass frame [45] . Analogously, the partonic on-shell Born W ± Z amplitude exhibits an approximate radiation zero [46] . The radiation zero is broken by real corrections starting from the NLO, but suppresses the LO cross section, thus leading to an increased impact of higher-order corrections.
For completeness, in Table 2 we provide cross sections and relative corrections for the two contributing processes pp → W + Z and pp → W − Z. The W + Z rate, being driven by ud scattering, is larger than the W − Z rate, which is driven by dū scattering. The difference decreases as √ s increases. As expected, radiative corrections to the two processes are very similar. They turn out to be slightly larger for W − Z than for W + Z, leading to a reduction of the σ W + Z /σ W − Z ratio at higher perturbative orders. This difference in the ratios, however, is due to differences in the PDFs used at each order, and it decreases with increasing collider energies, never exceeding 1% at the NNLO.
From now on, all our results contain the full off-shell effects. The ATLAS and CMS collaborations report inclusive W ± Z cross sections obtained by considering a mass window on the reconstructed Z boson. The mass window slightly differs between ATLAS and CMS: While AT-LAS uses 66 GeV < m(Z) < 116 GeV for their measurements at 7 and 8 TeV (a measurement at 13 TeV has not been published so far), CMS applies a cut of 71 GeV < m(Z) < 111 GeV for their measurements at 7 and 8 TeV and 60 GeV < m(Z) < 120 GeV for their measurement at 13 TeV. We find that the numerical differences between the cross sections computed in the different mass windows are at the 1% level, and thus significantly smaller than the current experimental uncer-
The approximate nature of the radiation zero for W ± Z production is due to the fact that it appears only in the dominant helicity amplitudes for this process [46] . On the contrary, the W γ process has an exact zero in all the helicity amplitudes, due to the presence of the massless photon. tainties. When considering the relative effects of radiative corrections, the impact of the different mass windows is completely negligible. Nevertheless, we will consistently apply the respective mass windows when comparing to data in the following.
We first present results for the ATLAS definition of the W ± Z cross sections, reported in Table 3 , where we compare with the 7 and 8 TeV ATLAS measurements of Ref. [4] and Ref. [5] , respectively. Comparing these cross sections in absolute terms to the on-shell case, we find a reduction by roughly 3% due to the applied mass-window cut and genuine off-shell effects; however, as anticipated, the relative impact of radiative corrections remains widely unchanged, again ranging between 63% and 83% at NLO and between 8% and 11% at NNLO for the collider energies under consideration. Also the scale uncertainty bands stay almost identical when including off-shell effects and applying the ATLAS mass cut.
Comparing with the experimentally measured cross sections from Refs. [4, 5] , we find that the inclusion of NNLO corrections clearly improves the agreement between data and theory, in particular at 8 TeV, where the measurement is most precise. While the central NLO prediction is roughly 2σ away from the measured cross section at 8 TeV, the NNLO prediction is right on top of the data with fully overlapping uncertainty bands.
Next, we provide theory predictions for the W ± Z cross sections as defined by CMS in Table 4 , where we also quote the results of the CMS measurements performed at 7 and 8 TeV (reported in Ref.
[6]), and at 13 TeV (reported in Ref. [7] ). As already anticipated, the precise definition of the Z-mass window has only a very mild impact on the cross section. In particular, both the relative 
19.891(2)
+5.0% −4.0%
22.17(2)
+2.2% −2.0%
+85.3% +11.4% Table 2 : Total on-shell W ± Z cross sections at LO, NLO and NNLO, together with the relative corrections to the respective lower order, for relevant collider energies, separated according to the charge of the final states.
size of higher-order corrections and the bands obtained by scale variation are almost identical to the ones obtained with the ATLAS definition. Comparing with the measured cross sections, we again find excellent agreement between our NNLO predictions and the cross sections reported by CMS for √ s = 7 and 8 TeV, where the inclusion of NNLO corrections again clearly improves the agreement, in particular at 8 TeV. The measurement at 13 TeV undershoots the NNLO prediction, being consistent with it only at the level of about 2σ. However, at this early stage of LHC Run 2, the measurement still comes with quite large experimental uncertainties of both systematical and statistical nature, and the measured cross section might still be subject to a significant shift with respect to its central value, once statistics increases. Fig. 2 shows a summary plot where we compare NLO and NNLO predictions to all available LHC measurements of the total W ± Z cross section.
We have presented the first exact NNLO QCD computation for the production of W ± Z pairs at the LHC. We have considered both the case in which the vector bosons are on shell, and the case in which off-shell effects are accounted for. The NNLO corrections are sizeable and range from about 8% at √ s = 7 TeV to about 11% at √ s = 14 TeV with respect to the NLO prediction, significantly exceeding what might be expected from NLO scale variations. The remaining scale uncertainties at NNLO are at the level of about 2%. We have stressed that the large size of QCD radiative corrections is due to an approximate radiation zero which is present in the onshell amplitude at LO. Nonetheless, since all partonic channels are included at NNLO, we expect that scale variations should provide the correct order of magnitude of the uncertainty from yet uncalculated higher-order QCD corrections beyond NNLO.
When off-shell effects for the W and Z bosons are accounted for, our results can be compared to the inclusive cross sections presented by ATLAS and CMS, provided the same range in the virtuality of the Z boson is imposed. We find that the inclusion of NNLO corrections is mandatory 
55.60(7)
+2.3% −2.0% Table 4 : Total cross sections with CMS mass windows of 71 GeV < m(Z) < 111 GeV for 7 and 8 TeV, and 60 GeV < m(Z) < 120 GeV for 13 and 14 TeV, at LO, NLO and NNLO. The available CMS data from Refs. [6, 7] are also shown. in order to obtain agreement (within 1σ) with the inclusive cross sections measured by ATLAS and CMS in Run 1 of the LHC. The computed corrections will be even more important at 13 TeV, once enough statistics is accumulated. Since our computation already involves the full helicity amplitudes and all off-shell effects, it can be extended to include realistic selection cuts on the final-state leptons and to provide predictions in the fiducial volume in which the measurements are carried out. It will also be possible to provide precise background predictions in new-physics searches based on the trilepton + missing energy signature.
Our calculation was performed with the numerical program Matrix, which is able to carry out fully-exclusive NNLO computations for a wide class of processes at hadron colliders. We are planning further applications of our framework to other important LHC processes. 
